This contribution discusses the current status of tests of the electroweak theory and some of their essential theoretical ingredients. At medium and low energies, electroweak precision measurements are sensitive to high-scale physics through virtual loop corrections. At the energy frontier, on the other hand, the electroweak theory is tested through anomalous gauge boson couplings. It is discussed how effective field theories can be used to describe these couplings in a model-independent and theoretically well-defined way, and to correlate them to other observables. Finally, focusing on the example of W + W − production, it is demonstrated that the precise measurement of anomalous gauge boson couplings at the LHC requires good control of higher-order radiative corrections.
Electroweak precision measurements
Electroweak precision observables (EWPOs) are quantities that are measured at relatively low energies with very high precision. Due to the small experimental uncertainty, they provide indirect sensitivity to the effects of top quarks, Higgs bosons, and potential heavy new particles beyond the Standard Model (SM). These very massive particles contribute to the EWPOs through the virtual quantum corrections, which need to be taken into account in theoretical predictions beyond the leading order in perturbation theory.
Broadly speaking, EWPOs can be divided into two categories. The first comprises measurements of the Zboson resonance at LEP and SLC: (i) its mass M Z , width Γ Z and total peak cross-section σ 0 , which are obtained from the line-shape of σ[e + e − → ff ] for values of the center-of-mass energy √ s near M Z ; (ii) the branching ratios for different ff final states; and (iii) the effective weak mixing angles
Email address: afreitas@pitt.edu (A. Freitas) which depend on the effective couplings g eff L,R of the Zboson to left-and right-handed fermions, and which are determined from measuring the forward-backward asymmetry of the final state fermion f (A f FB ) or the leftright beam polarization asymmetry (A LR ). More details about Z-resonance quantities can be found e. g. in Ref. [1] .
The second category comprises observables at low energies: (i) the muon decay constant, which is used for an indirect prediction of the W-boson mass, M W ; (ii) polarized electron-electron [2] , electron-proton [3] and electron-deuteron [4] scattering, neutrino-nucleon scattering [5] , and atomic parity violation [6, 7] , all of which are sensitive to the running of the MS weak mixing angle sin 2θ (µ) at different scales µ [8] .
Global electroweak fits combine a large number of precision observables (typically about 20 or more) together with direct measurements of masses of the Wboson (M W ), top quark (m t ) and Higgs masses (M W ), and compare the measured values with the SM predictions (for recent examples see Refs. [8, 9, 10] ). Overall, the agreement between experiment and SM theory is very good, with a global p-value of about 20% [10] . This is illustrated in Fig. 1 in the m t -M W plane. However, there are some notable discrepancies: the determination of the leptonic weak mixing angle sin 2 θ eff from Figure 1 : Comparison of direct determinations (green) of m t and M W with the indirect determination from electroweak precision data before (gray) and after (blue) the Higgs discovery. From Ref. [10] .
the measurement of A LR at SLC and of A b FB at LEP deviate by about 2.0 and 2.5 standard deviations from the SM prediction, respectively [8, 9, 10] .
Most of the quantities used in the global electroweak fits have been measured with a uncertainty of less than 1%. To match this precision, radiative corrections at the two-loop level and leading three-loop corrections need to be included. However, these calculations are highly non-trivial, since they involve many different Feynman diagram topologies and renormalization terms. Furthermore, two-and higher-loop integrals with several masses and external momenta can in general not be solved analytically. One approach uses asymptotic expansions in a suitable small parameter, such as M 2 Z /m 2 t [11] . Alternatively, the integration is performed numerically after recasting the integrals such that they are free of singularities.
Using a combination of these techniques, results for the prediction of M W and the Z-resonance observables are now available with either complete or fermionic two-loop corrections [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] and approximate three-and four-loop corrections in the limit of large m t [23, 24, 25, 26, 27, 28] . Here "fermionic" refers to electroweak corrections from diagrams involving closed fermion loops, which are dominant due to the large fermion multiplicity in the SM and the fact that some terms are enhanced by the large top-quark mass. In fact, where explicit results for the remaining, "bosonic", two-loop corrections are available [13, 14, 18, 19] , they are found to be about one order of magnitude smaller than the fermionic ones. Most of the available higher-order corrections have been implemented in public codes, such as ZF [29, 30] and GF [31] . The current theory uncertainty from missing higher order corrections is shown in Tab a few representative quantities, and it can be seen that it is safely below the current experimental uncertainty. Due to the high precision of the experimental results and the theoretical calculations, and the good agreement between the two, EWPOs can be used to put strong limits on physics beyond the SM. In particular, they are sensitive to modified couplings of the Higgs boson, as they can occur in the Two-Higgs-Doublet Model [33] or in models with TeV-scale strong interactions [9] . Alternatively, one can also derive bounds on the "oblique" parameters S , T and U, which describe modifications to the gauge-boson self-energies in a model-independent way [8, 9, 10] .
Future collider data can put improved constraints on the EWPOs. At the full-luminosity 14-TeV run of the LHC, the experimental error on M W is expected to be reduced to 5-8 MeV [34] . Furthermore, it can provide an independent determination of sin 2 θ eff from the measurement of pp → Z → + − with a competitive precision of 2.9 × 10 −4 [35] . This may help to resolve the discrepancy between the values of sin 2 θ eff derived from A LR and A b FB (see above). However, + − production at the LHC receives large QCD and sizable electroweak corrections, which must be controlled to make such a measurement possible. QCD corrections are known up to next-to-next-leading order (NNLO) for the total cross-section [36, 37] and next-to-next-leading logarithmic order (NNLL) for the p T distribution [38] . Moreover, the complete NLO electroweak corrections [39, 40] and approximate higherorder photon emission contributions [41] are also available. Non-factorizable mixed QCD-electroweak corrections of O(αα s ) may also be non-negligible and work on these contributions is in progress [42] . In addition, a significant reduction of the uncertainty of quark and antiquark parton distribution functions (PDFs) will be necessary.
It should be noted that recent results from DØ [43] and the projected ultimate sensitivity of CDF [44] are already less than a factor of two away from the LHC target precision, thus showing that precision measurements at hadron colliders are possible.
A significant reduction of the experimental error for weak-scale EWPOs can be expected from a future highluminosity e + e − collider running on the Z-pole ( √ s ≈ M Z ) and at the W-pair threshold ( √ s ≈ 2M W ). This option is currently considered for the planned ILC [45, 34] and TLEP [46, 34] colliders. For concreteness, the following discussion will focus on the ILC case. The expected experimental precision for a few representative EWPOs is shown in Tab. 1. As evident from the table, the theory errors from currently unknown higher-order corrections will dominate over the experimental uncertainty at least for some observables. To improve on this situation, one will need to include three-loop corrections beyond the leading contributions for large values of m t . In Ref. [32] it has been estimated that the calculation of the O(α 2 α 2 s ) corrections and electroweak corrections with at least two closed fermions loop will be sufficient to reduce the theoretical error below the ILC experimental error for most observables. One exception is the effective weak mixing angle, sin 2 θ eff , whose experimental precision can be improved by more than an order of magnitude at the ILC with polarized beams, which will be a challenge to match from the theory side.
Anomalous gauge boson couplings
The form of the triple-gauge boson couplings (TGCs) γWW and ZWW may be modified by physics beyond the SM. Assuming CP conservation, they are usually written in terms of the interaction Lagrangian [47] 
where c ≡ cos θ W , s ≡ sin θ W and g i 1 , κ i and λ i are the anomalous gauge coupling constants. Electromagnetic gauge invariance demands g γ 1 = 1. However, all individual terms in (2) also break weak SU(2) gauge invariance. Moreover, there is no power counting prescription that allows us to rank the terms in (2) according to their expected numerical magnitude and that tells us why other possible terms with extra derivatives, such as W Table 2 : Limits on the scale of the operators in (4) derived by translating experimental bounds for the couplings in (2) according to (5) .
These shortcomings are avoided by describing the anomalous gauge boson couplings through an extension of the SM by higher-dimensional operators
where Λ is the mass scale of unresolved heavy particles that mediate the interaction(s). This effective field theory (EFT) description is valid for energies E Λ. By construction, all operators O (d) i must respect SM gauge invariance, and they can be ranked by the power of Λ with which they are suppressed. The leading contribution to CP-even TGCs stems from the three d=6 operators [48] 
Thus there are only three independent parameters (c WWW , c W , c B ) in this formalism. Eq. (2), which contains five independent coefficients, can be reproduced when replacing Φ in (4) with its vev (0, v) and using the relations
Conversely, one can use (5) to translate the published bounds on anomalous gauge couplings from ATLAS [49, 50] , CMS [51, 52] , DØ [53] and LEP [54] into limits on the scale of the operators in (4), see Tab. 2 1 .
The EFT description breaks down for energies E Λ, when the heavy mediators may be produced directly. In general, this poses a difficulty for LHC analysis, since the current bounds on c i /Λ are of the order of a few 100 GeV, but the tails of kinematical distributions can reach O(TeV) momenta or energies. For measurements of processes with a sufficiently high overall event yield, this is usually not a problem since the kinematical tails have low statistics and thus do not contribute significantly in the analysis. An exception to this statement occurs for very weakly coupled new physics, with c i 1. In this case, Λ can by relatively small, so that the EFT description is not valid for the majority of the observed kinematical range. Instead, such a scenario may be best probed by searching for direct production of new resonances with O(Λ) masses.
Another concern is that the EFT is not renormalizable and thus will violate perturbative unitary at high energies. However, given the current limits on the d=6 operators in Tab. 2, the unitarity bound is only reached in the multi-TeV regime, safely beyond the reach of the LHC [55] .
The operators O WWW and O W also generate quartic gauge boson couplings (QGCs), of the form γγWW, ZZWW and WWWW. This means that the contributions from d=6 operators to triple and quartic gauge boson couplings are connected by gauge invariance. Assuming that these operators are dominant compared to operators with d>6, the current limits on TGCs imply bounds on QGCs that are stronger than the direct limits. However, measurements of QGCs also probe a number of d=8 operators that do not contribute to TGCs [56] . These are most strongly constrained by data from Tevatron [57] and LHC [58, 59] , but the experimental collaborations use a simplified set of operators, which cannot be matched to the full list in App. A of Ref. [56] .
Neutral triple gauge boson couplings (γγZ, γZZ and ZZZ) do not exist at tree-level in the SM, but they may be generated by loop corrections within the SM and from new physics. Assuming CP conservation, the anomalous vertices can be written in the form [47] 
where V = γ, Z and q 1,2 are restricted to be on-shell, while p must be off-shell. In the EFT formalism, neutral
TGCs are generated first at dimension d=8. The only relevant CP-conserving operator is [60, 61] :
Thus the six independent couplings in (6) can all be expressed in terms of the single gauge-invariant coefficient c BW :
Let us note in passing that there are similar sets of CP-odd operators for the charged TGC [48, 55] ,
and for the neutral TGC [61] ,
in terms of which the CP-odd anomalous triple couplings can be expressed.
It is worth pointing out that the EFT formalism can also be used to describe new physics contributions to EWPOs, in a way that is model-independent but more general than the "oblique" S , T, U parameters. The most important operators in this context, at the leading dimension d=6, are
which modify the gauge-boson self-energies at treelevel, and
which modify the gauge-boson-fermion vertices at treelevel. The limits from EWPOs on the scale Λ of these operators are very strong, of the order O(10 TeV) for c i = O(1) [9] . For illustration, the constraints on O and O (6) BW are shown in Fig. 2 . In addition, the EFT can be a useful tool for describing deviations of the Higgs boson couplings in Higgs production and decay, where some of the same operators as in anomalous gauge boson couplings and in EWPOs occur, see e. g. Ref. [63] for a review. 
High-energy W-pair production
Anomalous triple-gauge boson couplings can be probed at the LHC by analyzing gauge-boson pair production. In particular,→ W + W − is sensitive to γWW and ZWW couplings. In general, W + W − production also receives contributions from photon collisions, γγ → W + W − , which become especially important at large transverse momenta of the W bosons [64] . The photon-induced process depends on different, quartic anomalous couplings, so that it is desirable to separate it from the quark-induced W + W − production in the experimental analysis. Such a separation is possible in the quasi-elastic limit, where the incident protons remain intact and can be tagged [58] , but the extrapolation from this limit to the total cross-section at high energies is subject to substantial PDF uncertainties.
In addition, thechannel itself is subject to theoretical uncertainties from radiative corrections. QCD corrections have been computed to NLO+NNLL order [65] , and they can modify the Born cross-section by up to 50%. Very recently, a full NNLO calculation of the total cross-section, without resummation of threshold logarithms, has become available [66] . Despite the magnitude of the QCD corrections, the remaining error from missing higher-order contributions is estimated to be small, at the level of few percent, which will be sufficient for most purposes.
Electroweak corrections become particularly important for large transverse W momenta, due to the presence of electroweak Sudakov logarithms of the form L ≡ α log become of order O(1) so that higher orders L n , αL n , ... need to be resummed to all orders in n. This has been carried out up to NNLL, i. e. including terms of order L n , αL n and α 2 L n [67, 68, 69] . Beyond the logarithmically enhanced contributions, the complete NLO electroweak corrections are also known [64] . The relative impact of the different contributions to the total W + W − cross-section is shown in Fig. 3 . Due to the magnitude of the QCD and electroweak corrections, it is important to include all available results in the experimental analyses and carefully account for theoretical uncertainties from missing higher orders. For instance, the measurement of the W + W − crosssection by ATLAS and CMS [50, 52, 70, 71] differs by 2σ from the SM prediction evaluated by the program MCFM, which includes fixed-order NLO QCD corrections [72, 73] . This discrepancy can be interpreted as an indication for new physics within the context of the Minimal Supersymmetric Standard Model (MSSM) [74, 75, 76] . However, the effect of higher-order QCD corrections and SM electroweak corrections may be significant and should be included before drawing any conclusions. Furthermore, the experimental collaborations applied a jet veto for background suppression, which gives rise to large logarithms ∝ log p veto Tŝ that may need to be resummed [77, 78] .
Conclusions
In exploring the TeV scale of elementary particle physics, electroweak precision observables (EWPOs) and direct multi-gauge boson production are both relevant and complement each other. For both groups of observables, the inclusion of higher-order QCD and electroweak corrections is mandatory to prevent the theory uncertainties from dominating the overall error. Much progress has been made in the calculation of these corrections, culminating in complete results for two-loop electroweak corrections to EWPOs and two-loop QCD corrections to LHC production processes. In addition, the resummation of large logarithms that occur in the high-energy and threshold limits, as well as when jet veto cuts are applied, is well understood and has been driven to the next-to-next-to-leading logarithmic level.
The data from LHC and lower-energy precision experiments leads to strong constraints on new physics. These limits can be studied either by considering concrete models or by working in a model-independent effective field theory (EFT) framework. The EFT has the advantage of being theoretically well-defined, respecting all SM symmetries, and providing a prescription for ranking the possible new-physics terms according to the power of a new mass scale by which they are suppressed. On the downside, the EFT is not applicable if the measured momenta or energy are comparable in magnitude to the hypothetical new scale. The EFT setup can be applied to EWPOs, high-energy multi-gauge boson production, and Higgs physics, with each sector providing complementary information on the EFT parameters.
However, the search for new physics in electroweak processes and the setting of limits requires careful control of theoretical uncertainties in the SM predictions. Currently, not all available theoretical calculations have been incorporated into the experimental analyses, and there is no general prescription for defining theory errors from missing higher-order corrections. This may play a role in explaining the observed discrepancy between the measured and predicted W + W − cross-section at the LHC.
New physics constraints from EWPOs can be significantly improved with data from a future high-luminosity e + e − collider running on the Z-boson pole and the Wpair threshold, such as ILC or TLEP. To fully capitalize on the potential of these machines, the precision of the SM theory calculations for the EWPOs will need to be increased substantially. This will require the inclusion of exact three-loop electroweak and mixed QCDelectroweak corrections, a goal that is currently out of reach but may soon become feasible if innovation in this field keeps progressing at a steady pace. 
